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Abstract—The concept of Multiple Spacecraft Formation Flying (MSFF) has witnessed the develop­
ment of a pulse-width-modulated control technique using optimal linear model-based digital redesign. 

MULTIPLE SPACECRAFT FOR­
mation flying (MSFF) is 
emerging as a methodol­

ogy for use in future space mis-
sions.1 MSFF control methodolo­
gies are designed to conduct good 
tracking of relative position trajec­
tories of a pair of spacecraft, a 
leader and follower. 

Surveying the current state of 
MSFF control, the utilization of the 
PWM control for MSFF systems is 
not fully developed. The principle 
of equivalent area2 may be adopted 

Dr. Heidar Malki for pulse-width-modulating of an 
analog control signal. To virtually implement a pulse-width-
modulator in this way, a control signal needs to be digitalized 
during a sampling period for eluding the non-causality between 
the principle of equivalent area and the pulse-width-modulator. 
However, as shown in Chang et al., it is clear that control per­
formance is severely degraded when an analog control is digi­
talized by simply inserting an ideal sampler and a zero-order 
holder.3 The proposed digital redesign (DR) technique can sig­
nificantly improve the performance of PWM control systems. 

To alleviate difficulties, we propose an alternative method— 
PWM control synthesis by using an optimal linearization 
model-based DR (OLM-based DR) technique. Simulation stud­
ies show the effectiveness of the proposed method. 

Methodology 
An Analog Nonlinear Control System and Its OLM 
Nonlinear MSFF dynamics can be represented as follows:1 

(1) 

ear model, even if the operating point is a system equilibrium.

The following theorem can be used to optimally linearize Eqn.

1 on xop = x(kT) ∈ Rn, k ∈ Z>0.

Theorem 1 (γ-stabilizable OLM) If there exist matrices Sk = ST


k 
> 0, Zk, Xk, and Yk with appropriate dimensions, and a possibly 
small γ1 > 0 such that the following minimization problem (MP) 
has solutions, (Ak,Bk) is OLM with guaranteed stabilizability on 
an operating point xop = x(kT), where Ak = Sk

-1Zk, Bk = G(xop), 
and (•)T denotes the transposed element. 

MP 1: Minimize γ1 subject to 

LMI-Based Digital Redesign 
Consider a linearized model given by Theorem 1 and an analog 
control: 

(2) 

uc = Kcxc + Ecr. (3) 

By introducing an ideal sampler and a zero-order holder 
between a plant and a control, a desired digitally controlled 
hybrid system is represented by 

(4) 

While Eqn. 1 admits nonlinearities for handling a wide class 
where ud = ud (kT) is a piecewise-constant control to be deter­
mined during the time interval [kT,kT + T). In this study, the 

of dynamics, many useful analysis and synthesis methods rely 
redesigned digital control takes the form

on linear models. However, the Taylor expansion-based lin­
earization approach usually results in an affine rather than lin- ud = Kd

kxd(kT) + Ed
kr(kT) (5) 
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Figure 1. Time responses and controls by the proposed method for T = 0.5 h.


for the time interval [kT,kT + T). Equivalent digital implementa­
tion of Eqn. 3 in the form of Eqn 5. can be done using the follow­
ing DR: 
Theorem 2 (γ-Suboptimal DR for an OLM) If there exist 
matrices Pk = PT 

k > 0, Kd
k, and Ed

k with appropriate dimensions 
and, possibly, small scalars γi > 0, i = 2,3, such that the follow­
ing MP has solutions, the state xd(kT) of Eqn. 4 by Eqn. 5 close­
ly matches the state xc(kT) of the analogously controlled system 
(Eqn. 2) and Eqn. 3, and is exponentially stable. 

MP 2: Minimize γ2 + γ3 subject to 

PWM Control by DR: The Main Result 
Now, we are interested in controlling the model 

by the PWM control mathematically represented by 

(6) 

(7) 

jwhere uj and ud are the jth component of up and ud, respectively. p 
One easy way to design an equivalent PWM control is to 

determine the firing duration time Tk
j by using the principle of 

equivalent area. However, there is the non-causal relationship 
between Eqn. 7 and the principle of equivalent area. Our strate­
gy to resolve this problem is to use the DR: Find a digital con­
trol so that xc(kT) and xd(kT) are matched and identify Tk-deci-
sion logic so that xp(kT + T) in Eqn. 6 and Eqn. 7 is matched 
with xd(kT + T) in Eqn. 4 and Eqn. 5, with guaranteed stability. 
Theorem 3 If the following Tk-decision logic is equipped for (7) 

with a sufficiently small T > 0 satisfying 

the state xp(kT) of the PWM control system (Eqn. 6) with Eqn. 7 
closely matches the state xc(kT) of the analogously controlled 
system (Eqn. 2) with Eqn. 3, and is exponential stable, where 

is the absolute value of the largest eigenvalue. 

Results and Discussion 
We consider the dynamics of MSFF given by Queiroz et al. with 
the fractional placement errors of the on-off thruster nozzles.1 

The analog control gains for Eqn. 3 are designed by the standard 
linear quadratic regulation technique. A conventional direct dig­
ital implementation approach is also simulated for purposes of 
comparison. 
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Figure 2. Time responses and controls by the simple digital implementation of analog control T = 0.5 h.
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The simulated time responses 
and applied controls by both 
methods for T = 0.5 are reported 
in Fig. 1. The trajectory of the 
follower relative to the leader, 
after the digitally redesigned 
PWM control is applied, per­
fectly tracks the desired refer­
ence orbit. In comparison with 
the direct digital implementa­
tion approach without utilizing 
any DR techniques, the simulat­
ed time responses and applied 
controls are shown in Fig. 2. 
Observe that tracking perform­

ances have been significantly degraded. 

Conclusion 
In this research, a new PWM control technology with the OLM-
based DR technique has been presented for nonlinear MSFF. In 
the developed approach, the stabilizable OLM describing the 
local dynamic behavior of a nonlinear system is presented, 
which facilitates the application of the DR technique to nonlin­
ear systems. A digital output-tracking control is obtained by 
using the newly developed LMI-based DR method. The 
redesigned digital control is converted to the equivalent PWM 
control so that the state controlled by the PWM control closely 
matches the state controlled by the pre-designed analog control. 
Simulation results have shown that with the proposed method 
an effective PWM control can be constructed for high perform­
ance systems that require a relatively long sampling period. 
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