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Energy-to-Peak Induced 
Norm Upper Bound Control
Approach for Collocated
Structural Systems

by Mona Meisami-Azad, Javad Mohammadpour,
and Karolos M. Grigoriadis 

A B S T R A C T — U H
researchers determine
an analytical upper
bound for the energy-
to-peak gain or L2–L∞
induced norm of collo-
cated structural sys-
tems. The proposed
technique does not
require solving Lya -
punov equa tions or a 
set of LMIs usually
needed to compute the
L2–L∞ induced norm.
Fur ther more, an out-
put feedback control
law has been developed
which en sures that the
closed loop system of
the collocated structure
and the output feedback control achieves a desired
L2–L∞ norm bound.

A

USEFUL MEASURE OF PERFORMANCE OF A DYNAMICAL

system is the induced L
2

–L
∞

or energy-to-peak norm

that dictates the peak value (L
∞

norm) of the system sub-

ject to a bound on the energy (L
2

norm) of the input.

1

Computation of the L
2

–L
∞

norm of a system using the linear

matrix inequality (LMI) formulation or the Lyapunov equation

approach can be very intensive, especially for large scale sys-

tems. The LMI problem has a polynomial  time complexity with

respect to the number of decision variables, while solution of

Lyapunov equations is of quadratic complexity with respect to

computations and storage requirements. Consequently, the use

of these tools for performance analysis and control of large scale

systems is limiting.

2

The present work examines the induced L
2

–L
∞

analysis prob-

lem and the corresponding output feedback control design for

collocated structural systems. Toward this purpose, we consider

the LMI analysis conditions that characterize the L
2

–L
∞

norm of

the system and propose a particular solution for the Lyapunov

function in the LMIs. The proposed bound is shown to be exact

for the one-degree-of-freedom structure. This work demon-

strates the high accuracy of the proposed upper bound on the

induced L
2

–L
∞

norm of the system that can be calculated effec-

tively. The qualifications of the proposed upper bound and the

control design methodology are verified using a large scale

model of the International Space Station (ISS). 

Consider a structural system with collocated sensors and actu-

ators in a second order vector form represented by 

(1)

where 

represent input disturbance matrix with full column rank, mass

matrix, stiffness matrix, and damping matrix, respectively. The

vectors 

and

are the vector of displacements, control input, external/distur-

bance signal, and measured output, respectively. 

For a fixed initial condition x(0) = 0, the induced energy-to-

peak gain is defined as 

. (2)

The following result provides an explicit formula for computa-

tion of the induced L
2

–L
∞

norm upper bound of collocated

structural systems that only needs the calculation of the maxi-

mum eigenvalue of matrices generated from the system data. 

Theorem 1: Consider the system in (1). This system has an

induced L
2

–L
∞

norm ν from the input u(t) to the output y(t) that

satisfies the following bound 

. (3) 

It is worth mentioning that for the single degree-of-freedomcase

(n=1), the proposed upper bound for the induced L
2

–L
∞

per-

formance is exactly the same as the actual induced L
2

–L
∞

norm

of the system.
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Next, consider the collocated system in (1) along with a con-

trolled output equation 

. (4) 

The collocated L
2

–L
∞

control synthesis problem is to design a

symmetric static output feedback gain H = HT
such that the out-

put feedback control law 

(5) 

renders the closed-loop system stable with an L
2

–L
∞

norm less

than a prescribed scalar ν > 0, i.e.

, (6)
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where Tzw is the closed- loop transfer

function mapping w(t) to z(t). 
We now present the following result

that provides an explicit expression for

the output feedback gain H that guaran-

tees a closed-loop L
2

–L
∞

norm less than

a bound ν.

Theorem 2: A control law as in (5)

whose interconnection with the collocat-

ed system (1) satisfies the performance

bound (6) is derived as following: a) If F
is square and invertible, H can be com-

puted as 

, (7) 

where 

. (8)

(b) If FFT is singular, H can be computed as 

,      (9)

where η is given by (8). 

Results
We apply the proposed L

2

–L
∞

bound analysis and output con-

troller design to a very large scale structural system model. We

consider the finite element structural model for the assembly

phase 8A-OBS of the Inter national Space Station (ISS) with

collocated control, Rayleigh damping, and 720 states, as shown

in Fig. 1. Computation of the induced L
2

–L
∞

(energy-to-peak)

norm through solving the Lyapunov equation requires 16.548

seconds; the obtained norm is equal to 5.9051. However, it only

takes 0.3607 seconds to calculate the norm bound via the pro-

posed analytical bound approach which provides a bound equal

to 5.935.We observed that the bound estimates the norm close-

ly and its calculation is computationally efficient. Table 1 shows

the results of the computations performed in order to determine

the energy-to-peak feedback control gains and the required

computational times for different desired closed-loop norm

bounds. For instance, de signing an output feedback controller to

guarantee that the energy- to- peak norm of the closed-loop sys-

tem is less than or equal to 0.5 takes 0.2642 seconds. The actu-

al norm of the closed-loop system with the designed controller

has been determined to be 0.4998. It takes 9.1099 seconds to

calculate this norm using MATLAB. This is almost 65 times

longer than our proposed method to determine the energy-to-

peak norm bound computed in 0.1349 seconds. Notice that the

computation of an L
2

–L
∞

controller for this system using stan -

dard methods fails since a solution by Lyapunov equations or

LMIs for a system of this size is computationally prohibitive. 
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Desired closed-loop 
L2–L∞ norm bound 

Time to calculate feedback
gain using Th. 2 (sec) 

Exact L2–L∞ norm of the
closed-loop system 

Time to calculate 
exact L2–L∞ norm (sec) 

Time to calculate L2–L∞
norm bound (sec) 

5 0.2650 4.9910 9.1441 0.1294 

1 0.2645 0.9993 9.1358 0.1406 

0.5 0.2642 0.4998 9.1099 0.1349 

0.1 0.2642 0.1 9.1034 0.1319 

Table 1: Results and Comparisons for the 8A-OBS ISS Model

Figure 1: Assembly Phase 8A-OBS of the ISS Model
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